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SUMMARY

The developmsnt of the laminar boundary leyer in a compressi-
ble fluid is considered.. Forumlas are given for determining the
boundary-layer thickness and the boundary-laysr Reynolds number,
which is a measure of the boundary-layer stability, for alrfoils
and bodies of revolution.

It is shown thet low drag coefficients can be maintained to
conslderably larger Reynolds mumbers 1f theese Reynolds numbers are
associated with high Mach numbers rather than low Mach numbers.
The primary cause of the increase in boundary—layer stability with
increasing Mach number is viscosity changes resulting from aero—
dynemic heating. T '

TINTRODUCTIOHN

Exporiments with a ilarge number of low-drag eirfoils have shown
that as long as the transition from laminar to turbulent flow at the
surface occurs between the minimum pressure position and the trailing
edge of the airfoil, the low—drag characteristics of these alrfoile
are maintained, but that as the transition point moves forward of
the minimum preseure pogition the drag coefficient increases more or
less markedly depending on ths airfoil pressure distr;bution_

It has been found that ths boundary-layer Reynolds number Rg,
based on the boundary--layer thickness and the local velocity
outside this layer, gives a fair measure of the stabllity of the
boundary layer and, in consequence, may be used as a criterion for
determining the point at which transition to turbulent flow takes
placs.

T
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As noted in reference 1, the best estimates of the critical
value of Ry avalleble at present were obtained from flight tests
of an NACA 35-215 airfoil esetiocn which was tested as a glove on
the B-18 airplane. Designating
Y_S - -

: v

where V 1s the veloclty outside the boundary layer; &, +the
distance from the surface of the airfoil to a point in the boundary
layer where the velocity has reachsd 0.707 V; and v, the kinematlc

viscosity of the fluid, critical values of Ry between 8000 and
9500 .were observed In these flight teasts. _

Ry =

From von Kérmen's momentum relation (reference 2, p. 107) .it is
evident that, in an incompressible fluid, if (1) the boundary layer
on a given body is laminer from the stagnation point to any given
point on the body and (2) the boundary-layer velocity profile is at
all pointes along the surface of the same form when considered non-
dimensionally in terms of & and V; then at the given point on
the surface, the boundary-layer Rsynolds number Ry 'is related to the
body Reynolds number R (based oa body dimensions and the stream
speed) in the form . o : :

Re2 ' . .
20 = constant

If the constant is known for any body at the minimum pressure
point 1t ie possible to determine the body Reynolde number, which is
the upper limit of the rangs of the low—drag coefficients, for a
given value of Rscrit . For nearly incompressible flow th;s constent

may be evaluated by the method of referencé 1. In those applications
where the Mach number is not negligibly smsll, it is necessary to
extend this method to take account of the compressibility effects.
Such an extension of this method is the subject of this paper. -

THEORY

The growth of the laminar boundary layer in a compressible
fluld may be convenlently studied by von Kdrmén's momentum method.
To this end, consider first the steady-state flow across the faces
of an eolemental perallelepiped at the surface of a two—dimensional
body shown in figure 1. Let h, which is chosen so as to be .
independent of s; ~be the distance from the surface of the body to
a point in the boundary layer where the filuid shear has becaome
negligibly smell,
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- The several contributions to the s component of the change
in momentum across the parallslopiped will now bs considered in
turn. o

The fluld entering the face normal to s per unit width
introduces the momentum

h
f o vZ dy

“o

vhile that removed at the opposito face is

h h
[\puzcl::+ds-§--, o v2 dy
J j ds
0 a

and hence the change in this contribution to the momentum is

h .
as (L. A p w2 dy N - )
\ds J S : .
No contributlion occurs st the sgurface of the airfoil but at ‘the
parallel face an amo
that

wmt py vV ds  1is removed. Continuity requires

olov) ... 3(ou)
3y 3

5
hence

N
yv=-g [ eud
ds b

and so this momentum contribution becomss

. '
—Vds(-d—J pudy)
ds A

(2)
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Since the flow is considered to be constant with time, the total
change in the & component of momsntum across the parallelepiped
is given by the sum of equations (1) end (2).

The forces acting on the parallelepipsd in the direction of =
are the surface shear and thé pressure difference between the
surfaces normal to s. The shear force, using the esteblished sign
convention, is : -

— T 48 - : (3)

end, if the boundary laysr is thin, it has been shown (reference 2,
. 83) that the presswre variation with y is negligible, so that
the pressurs force is

~n e (k)
ds

Now v 1s smsll comvared to V, .sgo that Bernoulli's equation for
a compresgible flow which is consban+ with respect to time may bs
written for the flow region outside the frictional influence of
the boundary layer

G .oy 1a(oyT) 1z dey
ds ds 2 ds ' 2 ds
It is convenient to rewrite this as
dp d (pyV®) o2 dev | by av
ds ds a ds

Mq-\?’ﬂ%ﬁ
ds ds

-

Moreover, since both ey and V are independent of -y, +then, for
reasons which will be evident later, rewrite the last equation as

h h -
g_:E-_-.._.J.'.d— pvvzd_y..l.y'._@.\‘/‘ vad_y
ds h ds Y% h ds
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so that the expression for the pressure force becomes

dp d B 2 ' d h
-hn¥ g =a | & dy V-V — V ay (5)
wreme [w(f )L [ere]
Finally, equating the change in the . s component of momsntum adréss
the parallelepiped to the s dirscted forces on the paranlleslepiped

the "momentum" relation for ths two-dimensional flow of & compressi-
ble fluid (i.e., with varying density) is

d h 2 2y Vd. h(.v- ) (6)
T—a—;!(pvv-—pu dy ~ E.Ef oV —p W) 4y

O

It has been observed in a number of experiments with conven~—
tional low-drag and high critical compressibility speed airfoils
that the Blasius-—type proflle is a good approximation to the asctual
boundary~layer profile over the forward region of ths alrfoil where
the pressures are falling. An examination of the calculated
boundary--layer profiles for a flat mlate at a number of Mach
numbers (reference 3) indicates that the form of the profile remains
close to the Blasius type for subsonic flows. As a consequence it
seems reasonable to assume, as is done in the analysis to follow,
that the boundary layer over the surface of conventlonal low-drag
and high critical speed airfoils will remain of the Blasius type
throughout the subsonic speed rangs.

For adlabatic conditions, the local temperature and density
outside the boundary layer are, respectively,

o R ()7 ])
Py = Po {l—z:—l—Mz[-
.

1[.\'2_.1 -1
2 'L<vo) ]}

and to the order of M~ the local dsnsity is

omee (5 [(7) 2]

fr (7

s
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where the subscript o denotes conditions in the free stream and
the subscript v denotes conditions jJust outside the boundary layer
at any point s along the airfoil, where the velocity is V; M is

ﬁhetfreewstream.Mach nusber, and y = cp/qv, the ratio of specific
sats,

Since the pressure is transmitted unchanged through the boundary
layer, it follows from the law of Boyle and Charles that the density
at any point y within the boundary laysr is related to the local
temperature by '

p=pv(?g) N

Further, it is shown in reference 3  that for a flat plate the
temperature variation within the boundary layer, Ffor the Prandtl
number equal to unity, is given by

T - ?O +<’I‘u= - To) |:l "(ir%)z]

The Prandtl number is denoted by

[¢]
Pr:....p_':l.

k

wherein, for the fluid,
u the absolute viscosity coefficient

c the specific heat at constant pressure

P
and

k the thermsl conductivity

For alr, the Prandtl number is less than unity (at standard condi-
tion Pr for air is 0.733) but it is not .expected that the form of
the temperature variation as given in peference 3 will, for air, be
geriously in error. For the alrfoil 1t seems correct then to assums
the temperature veriation to be of the same form
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T =T, +<‘I‘u=o - Tv:\; [1 -(%}2] (9)

Moreover, the results of tests with a circular cylinder (reference U4)

have indicated that the surface temperature may be glven with
reasgsonable accuracy by

Tyeo = [i + e (Prd) (*«% >2] T, (10)

Finally, from the relations of equutions (7), (8], (9), and (10), to
the order MZ, it may be found that

- [ o A

The surface unit shear is glven by

e

a7

G
y=0

Experimént has shown that p varies as the absolute temperatire
to the 0.76 power and from equations (7) end (10) to the order of

e fof e[ e

and so, to the present order of approximation

_ du 0,76 (7-1) ¥ T /¥ N2/ 1 pr2\ 1]
G IR e e G N Gl | e

Using the density relations of equations (7) and (11), the
value of T given by equation (13}, end essuming the Blasius
varietion of u/V with y/h in (ie momentum egquation (6), 1t was

found that, to the order of M®, +the boundary-layer thickness ©
ig given by
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- oY [ e [osr(2] - 0]

fsl/c <.‘.IY_>8.'17 4(8/0)—0.4k 12 f < y 0. 17&(5/(’)] (14)
o °© °

c chord of the alrfoil

where

Vo the kinematic viscosity in the free stream

Vi the velocity outside -the boundary layer at the chordwlise station,
g8, /c for vwhich the boundary laysr is being compubted

3] the boundary -layer thickmess, which is considersd in this enalysis
to be the distance from the surface of the airfoil to a point
in the boundary layer where the ratio of the_local velocity
to the welocity outside th: bovndary layer is O0.707

To employ Ry a8 a criterlon for determining the stability of
the laminsr boundary layer, account must be taken of the fact that
becauae of aerodynamic heating, the kinematic viscosity varies
throughout the boundary layer. The value of vV used in calculating
the boundary—layer Reynolds numbor should_be that characteristic of
the point in the boundary layer at which instability initiates. Tho
theoretical analyeis does not indicate the location of this point,
but experiment indicates (as will be discussed later), that inste--
pility initlstes near the inside of the boundary layer. The kine-—
matic viscosity is given by

Tu:o \ 0.78

Vu=o =<%)_.1=o = “9 T/ ' | (15)

Pu=0
po< Py

but equation (8) applies through the boundary layer so

m l.76 C.7T8
< u=o0 (*f‘)
Vo = 20 Ty (16)
(3
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and using ths relations of equations (7) and (10)

' X lL.78 T 7 2711.78
y [1+~”-=3—-L MaprﬂG—r-)z--l %1 +0.1 (%)
<u=q i T T v (17)
VO T - £ ) . l. e
i MZ[( 7\ ]}l i 31 ._o.QOMzg-Gi\-a T
l_ . i o/ _! _

I

(18)

" |<i

Bs . - 5.) (”o A
0 © KVO/ J_::O/‘

td
(¢}

then with the value of & given by equation (1k)

J”' v 2 848 .
[-0-20 KD ”1]} 533 {l% [0 57@?__) . 35]}

Rg> _
Re [l+0.l7l\ft2/ T \2‘}3.52 ( \7.17 o
Vo, ]
Sl/C sl/
_‘L\s'17 _ n _Y.\lo'l7
f Vo) d(s/c) 0. hthj <Vo/ a(s/c) | (19)

For moderate Mach numbers equation (19) may be approximated by

>7 17"._-) 3 IL.Mz [O 63(V > ~0. ;,lt]lf

8,/c 8.17
X \ a(s/c)

Rs” _ /Yo
R, Kvl
si/c /- :Lol.:.'r
—oup M [ X% (l a(s/e) ] (20)
l Vo) s/c
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For the compressible fluid boundary layer of & body of revolu~
tion, the momentum reletion may be found to be

h h
Tor = .&Q-s..[ (pvve -0 }12> r dy - v E%f <va—-0 u)r dy (21)
Oa

and under the previous assumptions as to tempersture and density
variation and the shape of the boundary-layer velocity profile, 1t
may be shown that to the order of M2

f%’.)a.l?<}l;.? 5 {1+M=’2r0 67< ) -—035]}

[Bl/LK > VAR 84174 (g /L) Okl rJ[’ 1.('L/1;>2 <_1>1o 1'3(3/L)]

Vo/ \L V‘?_ o)
-and
(B e [oas(3) o ]}
[ (2 ()" om o (T o]
' 23)
where : - -

ry; radius of the body at 83
r radius of the body at s where the veloclity is V

L length of the hody
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By, = VLY,
and the remaining symbola are as ,.eviously designated.

To apply the equations, the velocity distribution at the Mech
number M must be ascertained. When the experimental pressure
coefficient P distribution is known at the desired Mach number,
the distributlon of V/Vb may be found using Bernoulli's equation
for a compressible fluid., For air this equation is o

F ¥ _ 1, L-1[1+0.7005 M2p]°"%%%° (2h)

\Vo/ C.2025 M2 _. o

Values obtained from this equation sre given in table I.

For two-dimensionsl flow, where the pressure coefficient
dlstribution is knovn for M = 0, ,that for the desired Mach number
may be calculated using the von Karman-Tsien squation (refegence 5)

=0 . :
P = — 2 - o (e5)
,\’,/ 1. _112 + M2 P].\’.EO .

2 (L +/128)

Valuves obtained from this equation are given in table II.

DISCUSSION AKL CONCLUSIONS

An investigation of the boundary-layer thickness at a point
55 percent of the chord behind the leasdlng edge on the upper surface
of an NACA 66, 2-420 airfoil at several Mach mubers was .conducted
in the 16-foot wind tunnel at the Ames Aeronautical Laboratory. = T
Using the measured pressuré dlstridbutions at the same Mach numbers,
the boundary—-layer thickness was calculated by equation (14) which
considers effects of compressibility and aercdynamic heating, and
by the corresponding equation of refsrence 1 which neglects these
effects. The calculated variation of boundary-layer thickness with
Mach number as determined from these equations and the several
experimentally measured values are shown on figure 2, That the
theorstical varietion of & is valid is indicated by the close
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agreement between the calculcoted vnlues obtained from equation (1)
and the experimental results.

Ag noted previously, in order that Ry may be used as a cri-
terion for the stability of the boundary layer, 1t is essential to
determine where, within the boundery layer, trcmsition to turbulent
flow Initlates, In experimental investigationz with flat plates
(reference 6), it was found that siow fluctuations of flow occur
within the boundery loyer though they ere not apparent near the
outside of the layer. - Jones (reference 7) obtained experimental
results substantiating these data and suggested that the phenowmena
of transition to turbulent flow may be the dlrect result of inter—
mittent instablility due to transient separation of the flow from
the surfaece. IP this is true, then transition rmust initiate necx
the Inside of the boundary layer.

The experimentcl data awailable showling the effacts of com—
pressibility ond serodynamic hsating indlcate that transition does
arise near the surface, These data were obtalned with four NACA 27-212
airfoil models &f diffevent chords by measuring the moxirmun Reynolds
number for which low dreg was mnintoined. It was found that the
values of this critical Reynolds number for the smaller chord airfoils,
which required higher Mech nwmibers than the larger chord cirfolls to
reach & given Reynolds number, were much higher than thoge for the
larger chord airfolls. The verietion of critical Reynolds number with
Mech number computed from equation (19) and experimental messurements
Tor the NACA 27-212 airfolls are shown in figure 3. It is seen that
when the boundary-loyer Reynolds number 1s bosed on the inslde vis-
cogity and the low Mach number experimental polnts are fitted to the
theoreticel curve, the calculated effect of conmpressibility 1s in
ogreement with experiment, In this commee¢tion, a calculation wes
made to determine the ratio R*/R¥, o using the viscosity corre—
sponding to conditions ocutside the boundary. The calculation pre—
dicted & decreasing value of R¥/R¥y o with Moch number, which is
contrary to the observed fact.

Recently an experimental inveastligation was made of the effect
of heating the surface of a low-drag airfoil by heating elements
placed within the wing., It was found, when heat was so applied as
to mwaintain the entire surface of the zirioll over which the leminar
flow occurred at a constant temperature increment above the tempero—
ture of the amblent stream, that the boundery layer was destabillzed
so that the critical Reynolds number was decreased, With the same
temperature increment but with only the surface 1in the immedlate

"vicinity of the transition reglon heated, the destabllizing effect
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on the boundary layer was even more marked. These results, in -
contrast to the results of the experiments with the NACA 27-212
airfoils previously alluded to, would indicate that viscosity con—
siderations alons are not sufficient to explain the effect of heat
on the stability of the boundary leyer unless, as in the cases of
aerodynamic heating and no heating, the temperature gradient in the
boundsary layer at the surface id zero.  In the heated -airfoil inves—
tigation, heating only the Ieading-edge section was expsctsd to
produce a temperature varlatlon in the boundary layer at transition
similar to that obtained In asrodynamic heating. This wes ettempted
but the heat so transferred was insufficient to materially influence
the tomperature variation.over and above -that occurring naturally
at the Mach numbers of the tests so that no further conclusions could
be drawn. . ' i : - T

An exact solution of the boundary-layer momsntum equation can
be obtained for compressible flow over & flat -plate. In figure k,
the exect theoretical variastion of the flat-plate critical Reynolds
number is compared with values obtained from equations (19) and (20).
It is seen from this figure that, éven at supersonic Mach numbers,
squation (19) is in good agrecemsnt with the exact solution. Con~
slderable caution should be used in applylng the anslysis of the
Present report at such large Mach numbers. - The boundary-layer
thickness computed by equation (14) should be reasonably accurate
even at somewhat supersonic Mach numbers; but there is only scant
experimental basis for the assumption that the sams valve of Ry
determines the limit of stability of the laminar boundary layer at
sonic velocities and at low speeds. In conssquence, it is con-
sldered that ths equations for stability developed in this report
should only be used over the range of Mach numbers for which
equations (19) and (20) are essentially in agreement.

- Ames Acronautical Laboratory,
National Advisory Committee for Aeronautics,
Moffett Field, Calif.
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TABLE II

Valuves of (P — PM=0)

NACA TN No 125¢

P, 0.1 0.2 0.3 0,4 0.5 0.6 ; 0.7 0.8
. I
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